VCE MATHS METHODS
UNIT 3 &4

AREA OF STUDY: EXAM
PREPARATION

Functions and graphs, Algebra, Calculus, Probability, covering past
exam questions and revising some technlques

Presenter’s name Rosemary Ward
Date September 2012

& VICTORIA
¥ UNIVERSITY

MELBOURNE AUSTRALI

vu.edu.au
(RICOS Provider No: 00124K



General Guidelines regarding study:

 For effective study sessions, plan your revision program

 Study subjects in blocks and vary the subjects you study each day

« Work out when and how you study most effectively

» Ensure you take time to relax, exercise, read

» Make sure your bound book is securely bound- black masking tape down spine

« Make sure you do not have perforated edges

Do not rewrite your bound book, but rather organise the one you have

» Bound books can have tags but they must be permanent

 Colour code your sections

« Complete trial papers under exam conditions, then mark them

 Write in any solutions you got wrong and if they are repeat mistakes, write them into
the back section of your bound book

» Remember the more connections you can make between the material you have
studied, the more likely you will be able to retain and apply the information

 Key: Checkpoints and trial exams

« www.itute.com ( brilliant summary notes and many trial papers)
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http://www.itute.com/

1. Functions:

Features of graphs such as axis intercepts, stationary points including inflection, domain/
restricted domain, range, asymptotes, symmetry and endpoints.

» graphs and identification of key features of graphs of the following functions:

— power functions ( if on exam one- know general shape and plot points)

— exponential functions

— logarithmic functions, y = loge(x) and y = log10(x), ( log laws!)

— circular functions, y = sin(x), y = cos(x) and y = tan(x); ( can appear on Exam 1)

— modulus function, y = |x|

« transformation from y = f(x) to y = Af(nx+ B)+C DRT

» graphs of polynomial functions;

» graphs of sum, difference, product (MC) and composite functions of f and g and their domains
-- know how to restrict a domain so the composite function can exist

» graphical and numerical solution of equations (exact values unless stated)

» graphs of inverse functions derived from graphs of original functions- state DOMAIN

* recognition of the general form of a graph, from a table of values
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2. Algebra:

The algebra of functions: composition of functions, inverse functions and the
solution of equations.

* polynomials (the remainder and factor theorems) and its use in sketching curves.
Equation solving of different types of polynomials and the determination of the
nature of stationary points will be expected. In addition, the use of the quadratic
formula ( often with m’s) and the discriminant for quadratic functions

« exponential and logarithm laws (the change of base formula)

» solution of simple exponential and logarithmic and trigonometric equations ( 3
steps 1. domain, 2. quadrant and 3.core angle)

* one-to-one and many-to-one functions and the condition for the existence of
inverse functions ( 1-1 function)

« finding inverses of functions
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3. Calculus:

Limits, continuity and differentiability, differentiation, anti-differentiation and integration
« finding the graph of the gradient function, including its domain, from the graph of a
function and visa versa

* rules for derivatives of loge(x), sin(x), cos(x), tan(x), and combinations of them

In addition, rules for antidifferentiation

* product, chain and quotient rules for differentiation and deduction of indefinite
integrals in hence questions

« applications of differentiation to curve sketching (stationary points % = 0)

Equations of tangents and normals, maximum/minimum problems, rates of
change, related rates of change and numerical evaluation of derivatives

« approximation formula — - s 1) ~arie) + 76 where b isamall 8y j—‘iﬁx
« informal approximation to areas under curves by left rectangles and right rectangles
» definite and indefinite integrals

« application of integration to calculating the area of a region under a curve and

areas between curves.
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4. Probability:

» the concept of discrete and continuous random variables
» expected value, variance and standard deviation of a random variable
* calculation and interpretation of central measures (mode, median, mean)

The 68 — 95-99.7 Rule
— Bernoulli trials and two-state Markov chains, tree diagrams and Matrices (label)
* discrete random variables: graphs, tables and probability functions
— distributions for discrete random variables- mean ( y) median, mode, variance and
standard deviation- formula sheet
— the binomial distribution, X Bi(n, p) and the binomial theorem expansion
— the effect of varying n and p on the graphs of PDFs
* continuous random variables:
— drawing and interpretation of probability density functions
— calculations and interpretation using CAS of mean ( ) median, mode, variance and
standard deviation
— standard normal distribution Z N(0, 1), and transformed normal distributions

X—H

X N(u, 0%) transposition formula 2= ==

- the use of inverse normal when the probability is given e.g.Invnorm(.9,100,6) (Draw a

graph “CONDITIONAL PROBABILITY’ 4 VICTORIA
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Specific tips for Maths Methods:

» Know Year 10 and 11 maths theory and skills e.g. SOHCAHTOA, similar triangles,
Pythagoras, trig identities, quadratic equation, exact values, log laws, area of triangles
which are not right- angled, Understand “simplify” and “state”

» Do not leave out a Multiple Choice Q- have an educated guess!

» Use brackets where appropriate, as this will ensure the calculator evaluates exactly what you
want, otherwise it will do BODMAS

» Sketch graphs require scales, x & y intercepts, turning points, end points (beware of
restricted domains- watch for open and closed dots)

» Inverses are not defined unless an domain is stated. When sketching inverses always draw in
the line y=x ( original function must be 1-1 function)

» Understand the significance of “hence” and “ show” g’s

« Composite functions: the domain of these, is the domain of the inside function and to
find the range sketch the composite function

*  Write mathematical working down NOT CALCULATOR SYNTAX

* f (x2 + 4x)dx watch this notation —remember + ¢

» Get derivatives and antiderivatives once they are simplified and on the one line

« Rationalise all surds and state answers with only positive powers

« Know the different ways you are asked for a derivative/ gradient function/ gradient of the
curve/ gradient of the tangent at a point etc., acceptable notation:

ay o d(2x2+3x)/dx or f'(x) f'(1) label everything!

dx X
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Modulus Questions:

1. Solve |x+2|=3 +(x+2)=3 —(x+2)=3
x=1 —x—2=3
X=1,-5 —X =5
x=-5
2. {x:abs(x —1) <4}  {x:abs(x — 1) < 4}
—-(x—-1) <4 +(x—1)<4
—Xx =3 x <5
x2_3 [_3)5] ;
3. Sketch y = |x+2|-3 =8 = ¥ oz % @ 4 3

T P AE X intercepts.
6.67 17 0=abs(x+2)—3

3=+(x+2)
3=x+2
- A : f1(;rc)=|x+2|—?>-°—°ﬁx x=1
10 /1 10

3=—x—2
=6.67 x=_5
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Composite functions:

1. Iff(x)=vx—2forallx=2and g(x) =v4 —xforallx<4
Sketch the graph of h(x) = vx — 2 + V4 — x and st?te its domain
1.1 |b

*Unsaved w i B3
6.67 1y
R\
Dh(x) = Df (x) N Dg(x) \\%/
N i
10 i ;Z
f1(x:|= x=2
f2(x)= x-2 +JE
F+o))=fx) +g(x) and (fa)(¥) = flxhgl) P

The domain for the composite is the intersection of the domains of f(x) and g(x)

2. 1f f(x) = Vx - 2 for all x= 2 and g(x) = V4 - x for all x < 4, find:
af+g=Vx-2+V4-x

b (f+0)(3)=V3-2+4-3=1+1=2
cfg=(x-2)(~4-x)
d (fg)(3) =(Nx - 2 )*(\4 - x )=1*1=1
& VICTORIA
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Composite Functions: that need a restricted domain

For the functions f(x) = x2 - 1, x € R, and g(x) = Vx, x = 0:

a State why g  fis not defined. D = R and D,= R*U{0}

For gof to exist: Is Range of fc Domain of g ? g[f (x)]

No so we must restrict the domain

Domain

f

R

e

g

R+U{ﬁ

b Define a restriction * of f such that g < f* is defined. Find g °f *.

f(x)=x2-1

P N w A~ O
MR

\

—:5—:4—:3—:2—_ Pz 2 3 4 50X 5
= =9(x" 1)

=x* -1

vu.edu.au
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gof *(x) = g(1 *(x))
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To be defined, Range of f needs to be restricted to

- R*U {0}
/ Restrict Domain of f: R\ (-1,1)




Inverses:

A function has an inverse function if and only if it is one-to-one. ie. Passes
both the vertical and horizontal line test 1

Example: fis the function defined by f(x) = x?

Define a suitable restriction for f, f %, such that f 1 exists.

NB. fis not a 1-1 function

If f* has domain (-o0, 0) fis one to one. Range: (0, )

_/

)

A

\_

0

vu.edu.au
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e

1

-1
Hence f"=——"F
and its domain is \ﬁ

(00, 0) An inverse is only
defined if it has a domain,
which ensures the function is
1-1]

x € R\0}.

y

I
I+

1
Jx
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Matrices:
1. Dimensions: rxc, eg3x2 5

. a b e f| late b+ f
2Add|t|0n |:L {}r:| T |:g ﬂ:| o |:,i-_|_g d_|_};:|

3. Multiplying: An n x m can multiply am x p, givingan nx p

|
Ld
= R S

534740 2x4+3x1+4x02x0+3x2+4x3] |11 18
Lﬁ—;} :}i ={5x4—|—6x1—|—?xﬂ 5}{{]—&6}{24—?}{3} ~ |26 33
T rd —bh 7
4. Inverse: AxA'=1 __1=|:::r 1 then A=l — | ad —bc ad — be
o —C d
Lad — bc  ad — bcd

1 0
| =
{O ]] det (A) = ad — bc 15 the determinant of matrix A.
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Transformations:

Sketch the graph of the image of the graph shown under the following
sequence of transformations:

a reflection in the x-axis

a dilation of factor 3 from the x-axis

a translation of 2 units in the positive direction of the x-axis and 1 unit in the
positive direction of the y-axis.

A

e / (0, m\ /
- —_—

0
~ = —— )

K =
(0,0) 6 _%) u

|
(0. 0) / — (2.1 :I//

.
B

Nl
|
<
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Transformations:

Question 15

The graph of the function " [0, w) — R where f(x) = 3:15‘5I 1s reflected 1n the x-axis and then translated
3 units to the right and 4 units down.

The equation of the new graph 1s
3¢ — 37 + 4

A,y
B. y=-3-23 -4
C. y=—3(x+3)'f'—l

D. y :—3(x—4)% + 3
; Question 13 B
3 2
E. y=3x-4 +3 The transformation of f{x )=3x2
5
Reflection in x-axis: — f(x )= —3x2

| Ln

Translate 3 units right: —f(x —3)= -3(x-3)
Translate 4 units down:

—flc-3)4=-3(x —3)3—4
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Simultaneous Equations:

The graph of a cubic function passes through the point with coordinates (0, 1), (1, 4),
(2, 17) and (-1, 2). Find the rule for this cubic function

411 ] *Unsaved w Crag] x|
|

Diefine ;{x]=a-x3+b-x2+c-x+d Dane
|

1599
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01 |> *lnzaved w

Sobkse g Sy

stem of Equations

Mumber of equations

il
i | x|

“ariables: | ahrc d|

Enter wariable names separated by commas

[ox]

Cancel

1493

S *Unhzaved w ﬁn
|
Define;{x]l= X +B X e x+d Damne
0)=1
1)=4
1 Bbod
solve 2]=1 {a e }
~1)=2

g=1and b=2 and ¢=0and =1

2099

Menu / 3: Algebra / 6: Solve system /

1: Solve system of Equations / 4 egns a,b,c,d
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QUADRATIC GRAPHS

Degree 2 polynomial y=ax2+bx+c

SKETCHES FEATURE: X-intercept, Y-intercept and TP

1. Fora >0, Cup Shape with Minimum TP
For a <0, Dome Shape with Maximum TP

2. Y-intercept (putx=0) isaty=c¢

3. X-intercept (puty=0) 0=ax2+bx+c —b+ \/b2 —4ac
a. Factorise X= —
2a

b. Use Quadratic Formula

b
4. TP and Axis of Symmetryisat X = — 2_8.

5. By completing the square, “Turning Point” form:
y=a(x—-h)?> +k, hasaT.Pat(h,k)

6. The discriminant determines how many solutions and of what type A\ =b? — 4ac

/\ >0 2 solns if p.s 2 rational solns A\ =0 1soln ,/\<00 solns ie x intercepts

vu.edu.au ¥ UNIVERSITY
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CUBIC GRAPHS:

Degree 3 polynomial y=ax3+bx?+cx+d ‘.
SKETCHES FEATURE: X-intercepts, Y-intercept, shape (TP & POI’s)

“positive cubic”

1. For a > 0, Increasing Function

For a < 0, Decreasing Function
2. Y-intercept (putx =0) isaty=d

“negative cubic”

3. X-intercept (put y = 0) then factorise.

4. FACTOR FORM: y = a(x - b)( x - ¢)( x - d)

L

14

2 4 NA 2
vl =11

REPEATED FACTOR: 2
V= (x-a(x-b) /\

vu.edu.au
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EXAMPLES:

For each of the following graphs, find the rule and express it in factorised
form. Assume thata=1ora=-1.

b B3 Vi
" Jix) U ' /\
4 0 / X \ /\ 3 2
/ e T
Increasing Fn. a=1 Decreasing Fn. a=-1 In factorised form:  f(x) = (x- 2)(x- 5)(x+ 3)
y=(x--4)(x-0)(x-3) y =-1(x - -2)4x - 3)
y= X(x + 4)(x = 3) y= (X + 223 = X) X-intercepts 0= (x- 2)(x- 5)(x+ 3)
X=2,5,-3
é» VICTORIA
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QUARTICS:

Degree 4 polynomial y=ax*+bx3+cx2+dx+e
SKETCHES FEATURE: X-intercepts, Y-intercept, Shape
1. Fora> 0, Increasing Function “positive quartic” \/\/

Fora <0, Decreasing Function  “negative quartic” /V\

2. Y-intercept (putx =0) isaty=e

3. X-intercept (put y = 0) then factorise.

SOME BASIC QUARTICS
y = axt y = ax*+ cx?
y = X(ax? + c)
4 VICTORIA
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Exam Examples:

/

1 0 \ %

A 4

The graph of the function shown above could be

A. y=2(x+1*3-x
B. y==2(x+1%(3-2)
C. y==20x-1"xz+3)
D. y=-2(x+D(x-37
E.  y=2x+D(x-3?
vu.edu.au
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The gaph shoam could te that of 4 fumction £ with the equation

Ym—rx+a) (2-8)
Y= —AA+a)(2-8)
Y= (2= af(x-3)
Ym—Ax+a) (B-x)
P = a(= V(D= %)

Heowe

4 VICTORIA
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Logarithms:

Change of base:

a’ =N
y=log, N
Find log, of both sides
log, a’ =log, N
log, N
) log, a

log, N
log, a

s log, N =

vu.edu.au
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Some Examples:

1. log, 27 2. log, 6
log. 3 ’
e log,, 6
=log, 27 = 2
log 3 log,, .5
— 199 ~ 2585
=3

3. Iflog, 6 = k log, 3 + 1, find the value of k.
log, 6 =log, 3" +log, 2
log, 6 =log,(2x3")

6 =2x3

3 =3

k=1
& VICTORIA
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Logarithmic Graphs:

Sketch the graph, and state the domain of each of the following:

y = log,(x - 5)+1

*Trans 5 in positive x
*Trans 1 in positive y
*Asymptote: x =5

vu.edu.au Domain: (5, o)

CRICOS Provider No: 00124K

y = -log;(x + 4)

‘Reflected in x-axis
*Trans 4 in negative X
*Asymptote: x = -4
o(x+4)=1,x=-3,y=0
((x+4)=3,x=-1,y = -1

Domain: (-4, o) ¢ VICTORIA
* UNIVERSITY
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Circular Functions and Transformations:

Sketch Yy =3sin2(t —%) for — 7z <t<2rx

DRT- Dilation 3 units from the x axis( in y direction

. or parallel to y axis)

Period: — =7 Dilation of 1/2 units from the y axis ( in x direction or
2 parallel to x axis)

Translated % in positive direction of x-axis No reflections or translations

Amplitude: 3

4 VICTORIA
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More Circular Functions:

Sketching, finding axes intercepts for xe[ 0, 217 ]

. T .
y =2sin2(x—=) — J3 x-axis intercepts, y = 0
3 Amplitude:2
Translated V3 unit in neg y axis
Range: [-2 - V3, 2 - V3]

0

"

(0, _23 )

vu.edu.au ¥ UNIVERSITY
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Features of f(x) = atan(n x):

aisadiaion ~ X=(2k+N)m2fork e Z x=kminfork & 2

factor from the Asymptotes : /2, 31/2, 51 x-intercepts

x-axis ( not I _
important) Xx=kmfork e Z
Dilation factor of 1/n from the y-axis
m/n is the period hence  Period: m
y
54
44
341
24
14
% % % M 4
Mon 3n n_g| n n 3% 5t 3n 7% 2n 9n 5nllrdn X
42_42__424 4 2 /A 4 2 /A
-3+
— 44
-5y VICTORIA
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Question 4

For the system of equations
Zml

Y=Xxm2

X¢Ymb

An e gaivalerd ratr o represerdation

A
[0 0 Ix] [17
-1 1 ofy|=|2
_1 lJ__x_ _5_
B.
0 0 1Tx] [17
1 -1 0fypl|=|2
1 1 0)=| [5]
C.
0 1T 1
1-1}y|=
11 |=| |5
D.
1 1 0T=x] [17
-1 1 0]y|=|2
0 0 1)z |5
E.
%0 0 17 [17
pll-1 1 of=|2
=1 1 0f |5
vu.edu.qu
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INSIGHT TRIAL EXAM 1 2010
The answer is A
Write out equations in full

Ox+0y+1z=1
—1x+1y+0z =2
Ix+1y+0z=5

$ VICTORIA
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Difficult sketch graphs

137
Sketch V= 3tan(2x——)+J§ for Z<x<=8 Ok +Dr 7
6 6 Asymptotes X =-——+—
Must factorise bracket.. y 3tan 2(x——)+f 4 6
3w & om &
Period = /2 Dilation of 3 from x-axis Translated T1/6 in positive X, “27%6 262 5"
11> *Unsavell w bl x o 11z 1ix
| = 12’127 127
solve(S-tan(E-x—E)=—J3_,x]|£5x5 13w
3 6 6
77 123 193 25'm ¥
X=—""Qr x= orX= o X=
12 12 12 12 4 | | | |
| | | |I
| x-intercepts | i | i I i | i
.' I /! ,' I |1
3tan 2(x-%)+J§ -0 /| /i /| /12
& s / | | / | N El;n H_T)
tanz(x-—)_—£ 1799 | 6’ ) I | | | SNE
3 O = 5ml /7n IIR/13m 13y 19m | /250 x
T 57 11z 17n 23rx — = = o e
2(x-2) =2 =2 , 6 1200 12 12 12 112 o2
6 6 6 6 6 | III | III
T 57 11x 177 23rx ” ! ” !
6 12°'12 12 ' 12 ! ! ! !
_ Iz 137 197 25x
12712 712 7 12
& VICTORIA
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Solving Circular Function Equations: Using CAS:

Find the general solutions and then find the first three positive solutions:

acos(x)=0.5
Find the specific solutions of:
ccos(x)=% x €[0,2m]

& ! Scratchpad ¥

solve(cos (x:l=0 . S,x)
x=2nTn+1.0472 orx=2-n1T-n-1.0472

1
solve (cos (x1|= E,x)|0$x‘_< 2°7

T 5m
X=— OF X=—
2 2

vu.edu.au
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d V3 tan (3x) = 1

b V3 tan (3x) = 1

x € [0,27]

= ao
=
1 ' W
solve mm(&x)=—,x = (6 n4+1) s
d5 18
1
&plve tan(3 x)=—-,x |0=x=2'71
3
T 7'm 13w 19w
X=—— QOrX=—"—O0rx= rx= or
18 18 18 18
& VICTORIA
% UNIVERSITY
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Solving Circular Function Equations: by hand

Find without the use of a calculator, the following between x € [0, ]

25in(2x) =2
V2

sin(2x) = >

2% == — =, 2m+ =, 31 — =
X—4,T[ 4,7T4,7T4

_7I37I9T[117[
T 4°4° 4 4
_7'[37'[97T11T[
88’8’ 8

ZX

X

vu.edu.au
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1.Domain  2x € [0,27]

2. Core Angle
3. Quadrants 1 and 2
(sin positive) @

¥ UNIVERSITY
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Differentiation:

For the graph of f: R —R find:
a{x:f{x)>0}
b {x: f {x) <0}

¢ {x: f{(x) = 0} Tangent neg grad

{x:f'(x)>0}={-1<x<5}or (-1,5)

Tangent neg grad

(-1, -7)

\
/ y=f(x)

Tangent pos grad

{x: f'(x) <0}={x < -1} u{x>5}or (—oo,-1) U (5,0)

{x: f'(x)=0}={-15}

d. Sketch the gradient function

vu.edu.au

CRICOS Provider No: 00124K
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Differentiation:
Find the derivative of x* = 2x3 +x 1+ 2 x#0
f(X)=x*-2x"+x"+2,x=0
f(x)=4x>=2(=3x") + (-1)x 7 +(0)2

=4x° +6X* —x7?

1.Chain Rule: a function inside another function

Differentiate: y = (4x3 - 5x)2
Letu= 4°-5x vy = (u )'2
dy dy du
dx du dx
=-2(u)3x(12x?-5)
=-2 (43 -5x)3x (12x?-5)
~ —2(12x*-5)
~ (4x%-5x)°
e.g3 16
S 3x%+1
y =16(3x° +1)™*
vu.edu.au
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2.Product Rule: one function is multiplied by another

Differentiate with respect to x: x3 ( 3x -5 )4

_ V3(ay  E\A u=x3 = (3x-5)*
Y=X(X=50 32 o =435y
dy dv du
= Ux— +VUx—

dx dx dx

= x> x4x(3)(3x—5)° +3x*(3x -5)°
=12x*(3x—5)° + 3x*(3x-5)*
=3X°(3x—5)°[4x+(3x - 5)]
=3x°(3x-5)°(7x-5)
& VICTORIA
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Differentiation: cont

Quotient Rule: one function divided by the other

X—2

e.q. _ e x_2
X* +4x+1 =1
Vd—u_uﬂ 2 4 N1 (2 A
dy dx  dx _ (X +4x+ Z()—(X—Z)( X +4)
dx V2 (X* +4x+1)

X2 +4x+1-(2x* -8)
(X* +4x+1)°

_ —X*+4x+9
(X* +4x+1)°

vu.edu.au
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v=(x%+4x+1)
vV =2x+4

& VICTORIA
% UNIVERSITY

MELBOURNE AUSTRALIA




Differentiation applications:

Find the equations of the tangent and normal to y = x3 + '/,x? at the point where x = 1

1.Find dy/dx  dy/dx = 3x? + x

2.Put the x value into dy/dx

3. Atx=1
y — Y4 = my(x — X4) with the point,
find the equation of the tangent

4 Atx=1

y -y, =m.(x—x,) with the
point, find the equation of the
normal

vu.edu.au

CRICOS Provider No: 00124K

Atx =1
dy/dx=3+1=4

(X4, y4) becomes ( 1,%,)
y=3,=4(x-1)
2y-3=8x-38

2y = 8x - 5

(X4, Y4) becomes (1,%,)

y=3,=-1/4(x-1)

4y -6=-x+1
0=x+4y-5
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Linear Approximation:

f(x)=1lim Flx+ hr)] —T0 () = Fx+ hg — T Assuming h is small

Find the approximate value of </27 without using a calculator

J(25 +2)=/(x + h) f(x+h)= f(x)+hf'(x)
Let f (x) = VX =\/§+2*$
Sof '(x) = E X 2 =9+1/5

2 =51/5
1
24x

vu.edu.au
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Stationary Points:

Plot the graph of y = x3 - 19x + 20 and determine:
a the value of y when x=-4
b the values of x when y =0
c the value of dy when x=-1
dx

d the coordinates of the local maximum

111 e *Unsaved w ﬁu
Define]{x)=x3—19-x+20 Done |
A-4) 32

solvelf)‘(x2|=0,x)
x=—4 81209 or x=1.12821 or x=2 68387

|
A

3/99
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Absolute Max and Min Points and Max and Min Problem:

Let f:[-2, 4] — R, f(x) = x? + 2. Find the absolute maximum and the absolute minimum
value of the function. From graph, maximum occurs at x =4, and is 18
v From graph, minimum occurs at x =0, and is 2

A (4.18)
V=x(2-2x)(2—2x)
SN V = x(2x = 2)(2x = 2
O V =x(4x* —8x + 4)
0 > V =4x3 — 8x% + 4x

e.g.From a square piece of metal of side length 2 m, four squares are removed as shown
in the figure opposite. The metal is then folded about the lines to give an open box with
sides of height x m. Find the domain and then sketch the graph of V against x.

Domain | (Y. _ 1552 16x+4 Local Max occurs at x = % S e nsaved ¥ el[x
x>0 > dv 1 1 1 R
— 2 _olV=4 — |-8| = |+4]| =
2 -2%x>0| |Local max occurs when » 0 (27j ( 9) ( 3j
2>12X 0= 4(3%% — 4x+1) _16 ~e5.0.503)
- 0= 4(3x-1)(x-1) 21 SR
S 0<x<l 1 f1lx)=dx’ -8 x%+4x
X=-,1
3

2 VICTORIA

vu.edu.au V" UNIVERSITY
MELBOURNE AUSTRALIA

CRICOS Provider No: 00124K




Derivatives:

f(x) = log.x, then f(x) = x

f(x) = logkx, then f'(x) =
' (x)
f(x)

h(x) = log,f(x), then h'(x) =

eg v =x%log.x
u==x*> v=Ilogex
u' =2x vVi=1/x
y=x’log, X, x>0

Product rule

dy x2><£+2x><loge X
dx X
= X+2xlog, X
vu.edu.au
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f (x) =log, |[5x+3], x;t_?g
£ Y(X) =

5
5X+3
log,.x
v = logex u = x2
=1/x u' = 2x
log. X
y = g2e.x>0
X

Quotient rule

x2x£—2x><logex

dy = " x
dx (x?)?
X —2xlog, X
4% VICTORIA
_1-2log. x W’ UNIVERSITY
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Derivatives of Circular functions:

f(x) f'(x)
Sin kx kCos kx
Cos kx - kSin kx
Tan kx cosk2 o k sec” kx

Find the derivative of each of the following with respect to 6 :

e.g. sin20+1) e.g.tan(36% + 1)
(sin(26 +1))° (tan(36% +1))
Chain rule Chain rule

dy
Y =2sin(26 +1)x 2cos(20 +1) g—ézsecz(%z 11)x60

=4sin(20 +1)cos(20 +1) 60sec? (362 +1)
=00 SeC +

e.g. e#Sin( 2x + 1) Product rule

dy

v e”* x 2€0s(2Xx +1) + 2e** xsin(2x +1)
X

= 2e**[cos(2x +1) +sin(2x +1)] 4 VICTORIA
vu.edu.au ¥ UNIVERSITY
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Antiderivative:
(ax+b)™
a(n+1)

+C

j(ax+b)”dx=

Find the general antiderivative of:
a@+1 [(3x+1)° dx

(3x+1)°
3x6
= i(3x+1)6 +C
18

+C

Jldx=loge|x|+c
X

j L dx:lloge|ax+b|+c
ax+b a

vu.edu.au
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b (2x - 1)°2

m *Unsaved w ﬂﬂ
2 -1 7
I((2x 1)* )dx Y P
1{9;
1.1 |- *Unsaved w nm
j(i]dx 3-1n|:|x|] B
x
3‘ln|:|x|]+r: 3‘ln|:|x|]+c
solve(3‘1n|:|x|]+c=10,c:| C=1'3'—3‘1n|:|3f|)
e=10

hsolve( Inllx[)+c=10,¢)pe=-1

4 VICTORIA
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Further Antiderivatives:

I ekxdx — 1 ekx +C Find the general antiderivative of each of the following:
Ie“—Fde

Lo ioae
3

If the gradient at a point (x, y) on a curve is given by d_y _ Ga2x
5e2* and the curve passes through (0, 7.5), find the dx
equation of the curve.
| y = ISezxdx
5
=—e”+cC
2
At (0,7.5)
5
75==e+c
2
c=5

=—e”+5
y2

vu.edu.au
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Area under Curves: COMBINED AREAS

.1I

c

4 =fb fix)dx +—[hf'1w}c:’w : 0 [

p A=) /*( jf(x)dx:jf(X)dX—. f(X)dX
a bC 3

« /L] or = [ £ (x)dx+ [ f (x)dx

o
c

0 7 -
J/lT IS IMPORTANT TO SKETCH THE FUNCTION TO UNDERSTAND THE
NATURE OF THE AREA

e.g.Find the exact area of the shaded region
AzJsz —4 dx—.[:x2 —4 dx

M3 4 3 T Y
= X——4x} J{X——4x A
ERR R A
64 8 1 8
122 16)-(C-8) |+| (-4 (C-8
& 16)-C )} Coa-¢ )] \
_0478+178 6. 8-448 | .
3 0 ) 4
3 (0, —4)
_37 sg units .
3 VICTORIA
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Antidifferentiation by Recognition

a. Find £(x) f (x) = xlog, (kx) b. Hence find j log.(kx)dx =
f'(x) =log.(kx) + x *% = log, (kx) + 1

Know jloge (kx) + 1dx = xlog, (kx) + ¢
S0 jloge(kx)dx + jldx =xlog,.(kx) + ¢

jloge(kx)dx = — Jldx + xlog,. (kx) + ¢

[1ogeterydx = x4 viogo(kry +c @ FindPlx) £() = x%Iog, (kx) b Hence find [ xtogethnrdx =
f'(x) = 2xlog, (kx) + x? *% = 2xlog, (kx) + x

Know fologe (kx) + xdx = x?log,(kx) + c

S0 ijloge(kx)dx + fxdx =x?log,(kx) + ¢

fologe(kx)dx =— fxdx + x2log, (kx) + ¢

Jleoge(kx)dx =—1/2x "+ x%log,(kx) + ¢

2
X
fxloge(kx)dx =1/4x%log,(kx) — T te

# VICTORIA
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Linear Equations:
Question 1

Find the values of p and ¢ for which the equations
-3x +py =g .
dx— 5y =20, e

1. a unique solution

1il. infinitely manv solutions.

b~ e A A

-3 p
4 =5
(1) x4 = -12x+4py=4g

A= =15-4p

M1
(2)x3= 12x-15y=460
L for a unique solution A#0= p# g and g € R Al
2 2 : 15
il forno solution A=0= p=— and g#-15 Al
""" 4
iil. for infinitely many solutions A=0= p= E and g =-15 Al
VICTORIA
vu.edu.au
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EXPECTED VALUE OF DRVs:

Expected Value = Mean =Average = u

E(x) =Y xxPr(X =x)

=X X P(X) + X, X P(X;) + X5 X P(X3) +...+ X, X P(X,)

x 1 2 3 4 5
e.g.1
L= 1 i 10 i
EX)=1x2+2x g +3x3+4x",0+5x
E(x)=22,
e.g.2 X 0 1 2 3
PrX =x) | 0.064 [ 0288 | 0432 | 0216
E(x)=>_x.p(x)
=0x.064 +1x.288+2x.432+3x.216
=0+.288+.864 +.648
=1.8
vu.edu.au
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Discrete Random Variables:

Within a Probability Distribution, the expectation of another function can be

considered...  Eg. Biased coin “Three up”: Costs $2 to play, returns as shown.
What is the expected profit /loss?

X 0 1 2 3

Pr(X =x) 0.064 0.288 0.432 0.216
Returnr(y) | $6 $1 $0 $5
Gain g(y) $4 -$1 -$2 $3

E(R)=)_r(y)xp(x)
= 6x0.064+1x0.288+0x0.432+5x0.216  Expected profit = 1.752 - 2 = -0.248
=1.752

g(y) = r(y) -2

E(G) =2 (r(y)-2)x p(x)
= (6-2)0.064 + (1—2)0.288+(0—2)0.432+ (5—2)0.216
=-0.248

& VICTORIA
% UNIVERSITY
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Binomial Distributions:

Mean:E(x) = n=np Variance: Var(x) = c2=npq Standard Deviation:SD(x) = o=V(npq)

Eg 1. Afair die is rolled 15 times. Find:
a. the expected number of 3s rolled
b. the standard deviation

a. E(x) = np b. Var(x) = npq
=15x /s =15 x Vg x %;
=2.5 =2.08
95% lies bet SD(¢) = (nea)
c. 99% lies between (208
2.5+2x1.44=6.48
2.5-2x1.44=72 =1.44

NB. These formulae are not on the formula sheet
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Markov Chains:

Suppose that the probability that a bus is late, given that it is late the previous day, is
0.15, while the probability that it is on time if it is on time the previous day is 0.90.
a Find the transition matrix that can be used to represent this information.

. .—condition
T =
b What is the probability that the bus will be late on day 3:
i if itis on time on day 07 ii if it is late on day 07
0 1
o[’ g

vu.edu.au

CRICOS Provider No: 00124K

o _[015 o01][o]_[01083] o _
*~l085 09]|1]| |0.8948|

015 0.17[1] [0.1054
10.85 0.9||0| |0.8946
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Steady State: Example: 2010 INSIGHT Exam 1:

Ciara is a good netballer. She plays goal shooter in her team and knows that from past experience her
probability of scoring a goal depends on the success of her previous attempt. She knows that if she scored
a goal previously then her probability of scoring a goal on the next attempt is 0.7. If she is unsuccessful on
the previous attempt, her probability of being unsuccessful on the next attempt is 0.8.

a. If she has scored a goal, what is the chance of her not scoring on her next attempt?

07 02
03 038

b. She has five shots at goal. Her attempt is a goal. What is the probability that it takes her until her final
shot to score another goal?
Pr(GMMMG) =1x0.3x0.8x0.8x0.2 =0.0384

c. Find the probability of Ciara scoring a goal in the long term. 1-a b
{ a 1—b}
This involves calculating the steady state probabilities b b ]
1- b
using the general matrix ¢ T" = a+b a+b
the Pr(G)=—2 02 22 o

2a+b 02+03 05

. VICTORIA
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Normal Distribution:

Using Ti-nspire: NormCdf(lower, upper,0,1) for Z values

Pr(Z < 1.327)

Pr(-1 < Z < 2.5)

Using CAS: X values

11112 (> *Unsaved w ﬁn
normCdf{-e,1.327,0,1) <[1.1 [12 |» *Unsaved w 48
normCdf(-1,2.5,0.1) 0.835135 =

A

1799

If X is the 1Q test, normally distributed with p =100 and ¢ = 15
What proportion of the population have an |Q greater than 1257

Pr (x > 125)

vu.edu.au
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| 1.1 I 1.2 |) *nsaved w

normCdf(125,%,100,15)

A
0.04779

1799
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Inverse Normal: Probability given

If X is the 1Q test, normally distributed with u =100 and 6 =15
Between what 1Q values does 90% of the population lie?

90% =0.9
0% =0.05 5% =0.05
< >
iz *Unsaved w eil] %
invNerm(0.05,100,15) 75.3272 &
invNorm(0.95,100,15) A 124 673
vu.edu.au 29
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Between 75.3 and 124.7
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General Comments 2011 Exam 2

 Marks ranged from 2 to 79 out of a possible score of 80.

* Mean- 44 compared with 40 in 2007. Median- 45 marks. Of the whole
cohort, 12% of students scored 85% or more of the available marks,
and 26% scored 75% or more of the available marks.

 The mean score for the multiple-choice section was 13 (out of 22)

* As stated in the instructions, students must show appropriate working
for questions worth more than one mark

 Ensure you: read questions carefully, give answers to the required
accuracy, transcribe the correct equation, provide answers to all
parts of the question, answer the question that is being asked and
after completing a question students, should reread the question.

 Exact answers were required for the intercepts

& VICTORIA
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New content to the course:

 General solutions to trigonometric equations

* Average value of a function

 Functional Equations

« Matrices — transformations, transition matrices and steady state
 Solving simultaneous equations

& VICTORIA
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General Comments

 Correct mathematical notation is expected and should always be used
 Students must use the units that are given in the question

 Use the units that are given in the question- do not convert units unless the
question asks for the answer to be in a specific unit.

« From 2010, it will be assumed that students will provide exact answers to
questions unless specified otherwise

« Many students gave the exact answer and then wrote down an approximate
answer. The final answer will be considered the final answer!

«  Students should retain sufficient decimal place accuracy in computation to
ensure that they can provide numerical answers to a specified accuracy

 Students should take care when sketching graphs. If they are subsequently
required to sketch over part of a graph, they need to make the relevant parts visible

More care needs to be taken with closed and open circles for end points ( gradient
graphs)

& VICTORIA
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2009 VCAA EXAM 2-Multiple Choice 499, B

Question 1
The simultaneous linear equations

ke —3y=0
Scx—Ck+ 2y =0

where £ 15 a real constant, have a unique solution provided
A, kEAE5, 8%

k€ R\=5, 3}

g =35}

k € R\N=3, 5}

k € R\{0}

oY QW

1.2 PRAD AUTO REAL a
solve(det k -3 )-O,k) k=-Sork=3
Sk
|
1799

If det=0 there is no inverse and hence no solution. Therefore

k € R\{=5, 3}
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Question 2
At thepoint (1, 1) on the graph of the function withruley =G — 1% + 1

A. there 1sa local maximum. 95% C

B. there isa local minimum. Sketch on CAS
C. there isa stationary point of inflection.

D. the gradient 1snot defined.

E. there1sa pomnt of discontinuity.

Notice the cubic is in the inflexion point form-

POI=(1,1)
dy B 5
a = 3(X — 1)
dy
E =0
X =
& VICTORIA
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Question 3
The maximal domain D of the function /= D — R with rule f(x) = log,(2x + 1) 13 86% B

b

B. [—l, oo]
2
C. R
D. @ o)
3
E — 00, ——
2

The maximum domain of f(x) = log,(2x + 1)
occurs when

f(x) =loge(2x + 1)

2x+1>0
S 1
X773

& VICTORIA
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Question 4

yis
A, x=rm'—z,n SRV

solve(sin(2-x)=-1,x) o (4-n1-1)~n
T T
B. x=2nT+—otx=2nT——, n € £ 4
4 .
pmpFrac(solve(sm(2-x)=- l,x)) = 2=
T
¢ F=ty (—1)—n€Z 4
2
nw R
D. x=—+( e
2 e 4’ L
T T 21'9;
E. x—m'+z or x=2n"+—,n € 2
vu.edu.au
CRICOS Provider No: 00124K

55% A
The general solution to the equation sin (2x) =—1 1s

1.2

PRAD AUTO REAL

Lo
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Question S

Let " R— R, f(x)=x2

Which one ofthe following 1s not true?
Je) =&y

Je) —f=0=0

J2x) =4f(x)

Jx = =70 -1y

S+ )+ =y) =2(0) + )

o oWy

For a functional equation, a CAS
output of ‘true’ indicates that it is
always true. An output of ‘false’
indicates that is never true. Any
other output indicates that it is
sometimes true but not always

vu.edu.au
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53% D
ﬁbmo AUTO REAL !
Define Ax)=x2 Done |
Ax-y) [e=p)2
) 2
™

N 11 4

Define f(x)=x2

*Unsaved w

Ax—y)

Ax)-Ay)

Axy)=Ax) Ay)

Ax)-Ay)=0

f{2'x)=4y‘(x)

-

o
N R o
o S
IMERASE
fdmm D3
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Question 6
The continuous random variable X has a normal distribution with mean 14 and standard deviation 2.
If the random variable Z has the standard normal distribution, then the probability that X is greater than 17 1s

equal to

A. Pr(Z2>3)

B. Pr(Z<2) 0

C. Pr(Z<15) 64% D
D. Pr(Z<-15)

E. Pr(Z>2)

X ~N(14,4)

Pr(X >17)= bﬂ)

VICTORIA
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Question 7
For y =e* cos (3x) therate of change of y with respectto x when x =0 is

A. O 84% B
B. 2 J 1.1 | *Unsaved w ol &

C: 3 y 51 ( ) ¢

D. -6 —(ez'x-cos(&x))|x=0 e

N ax

Using CAS, evaluate when x = 0.

y =e** cos(3x)

L8 2¢** cos(3x)— 3e** sin(3x)

PR
Whenx =10
@ 2¢" cos(0) —3e” sin(0) = 2
&
4 VICTORIA
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Question 8
For the function /- R — R, f() =(x+ 5% (x — 1), the subset of R for which the gradient of f isnegative is

A, (=0, 1)
B (5,1 79% C
C. (5,-1
D. (,-5) & "2 Scratchpad ¥ a:
E. (-5 0
Definef(x)=(x+5)2-(x—1) Dane
f(x)=(x+5>(x-1) Solve( 4 (4))- O,x) x=-5 or x=-1
There are turning I;gints at x=-5 and x=-1. dx
The coefficient of x™ 1s positive. 5o the shape | g w
ofthe curveis /\/ _, =
The gradient is negative far xe (—5,-1).
2 X
22 22

vu.edu.au
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Question 9

The tangent at the point (1, 5) on the graph ofthe curve y = f(x) has equation y =3 + 2x.
The tangent at the point (3, 8) on the curve y = f(ox —2) + 3 has equation

A, y=2x—4

y=x-+ ) 49% E
y=-2x+14

y=2x+4

y=2x+2

MY QW

The curve of y= f(x)has been translated 2

urits to the right and 3 unitsup. The image of

the poirt (1, s%hits(i 2). HeanI;the graaie;glet of Avery clever Q!
y=f(x—2)+3 at the point (3, &) will be 2.

y—8=2(x-3)

Hence, the equation ofthe tangent at (3, 8) is

y=2x+2.

VICTORIA
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Question 10

The discrete random variable X has a probability distribution as shown.
X 0 1 2 3
Pr(X=x) 0.4 0.2 0.3 0.1

The median of X 1s
A. O

1

1.1

1.2

2

MY QW

The median is the 50th percentile which is x = 1.

vu.edu.au
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Question 11

0
The continuous random variable X has a probability density function given by 61%D
. : 1
7T sin(2mx if 0<x<—
J= ) 2
0 elsewhere
The value of @ such that Pr(X > &) =0.2 15 closest to
A. 026
B. 030
C.. 032
D. 035
E. 040
Pu(X >a)= ](ﬂ' sin(2mx Px = 0.2 "
Using CAS. a=0.35 - 1
solve (f{x))dx=0.2,a |0=@=—
2
J Q
a=0.352416
VICTORIA
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Question 12

A transformation 7 B2 — R? that maps the curve with equation y = sin(x) onto the curve with equation

y=1-3s1n(2x + n) i1s given by

X 2 0|lx| &
A T =
¥ [0 =3y ]
B. T|'|=| 2 +(2
ole 3P [
o 7%= 0 =3(x| (&
y 2 ollyl [
x| 1 0|z .
1 R ] P +| 2
o =3P |1
x| 8 Ol x il
g T||=|2 +| 2
oo 3t =
vu.edu.au
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61% D (17% A)
Another clever Q!

y= 1—3sin(2x+x)=l—33in(2(x+%))

from the curve with equation y =sin(x)
irwvolves

e areflection in the x-axis

e adilation of a factor of% from the

y-axis

e adilation of a factor of 3 from the x-
axis

e atranslation of% unitsto the left and

e atranslation of 1 unit up.

neet -3 I E
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Question 13 71% C

A fair coin 1s tossed twelve times.
The probability (correct to four decimal places) that at most 4 heads are obtamed 1s

A. 00730

B. 0 1209 X _ Bl(lZ,OS) E:irnjmi;l_ Cdf
C. 01938 Pr(X <4) = Num Trials, n: [ 12 -
D. O 8062 Prob Success, p: | S ~
Lower Bound: | O <
E' 0 92’?0 Upper Bound: | 4 <
1 I~
& he
binomCdf(12,0.5,0,4) 0.193848
L3
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Question 14

Which one of the following 1s not true for the function with rule f() =

The gradient of the function at the point (0, 2) 1s not defined.

. Jo) = 2 for all real values of x.
There 15 a stationary point where x=0.

A, fBD=10,

B.

C

D.

E. f1)=3
vu.edu.au
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Question 15

0
Fory = JT—F (D, % s equal bo 74% E An Excellent Q

2.1(%)
NS
B. -
21— £
c. pi=T® y=\T=7@ =(- ()’
. 3 % = (=1 X~ ()
© 20— ) e
— 71 21— 1)
5 i ®
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Question 16
The inverse of the function > R — R, f(x)=e2”+3 15

A.

B.

TGRSR
FLR' SR
e o)=R
Flie@d o) -Rr

f'li @ w) - R

vu.edu.au
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TG
%x=3

fle=e?

116y = tog, (V) -2

x=3

[1eo=e?

J7 60 =—log,(2x-3)

74% C

fx)y=e?

Let y= e2x+3

Inverse swap x and p.
x =t
2y+3=log,(x)

2y =log,(x)—3

y=~log,(x)-> =log, (7 )->

The range of fis (&°, ).
Hence

f_I :(83,00) —)R,Wheref_l(x)=]og’(j;)_%
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Question 17
The sample space when a fair twelve-sided die 1srolled 15 {1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 12}. Each ou

is equally likely 31% A 43% B

For which one of the following pairs of events are the events independent?
A. {1,3,57,9,11} and {1, 4, 7, 10}

B. {1,3,57,9,11}and{2,4, 6, 8, 10, 12}
C. {4,8 12}and {6,12}
D. {6,12}and{1,12} For independent events
E. {2,4,6,8 10,12} and {1, 2, 3} Pr(A N B) =Pr(A)xPr(B)
For option A
Let 4=4,3,5,7,9,11}and B={,4,7,10}
1 1
Pr(Ad)=— and Pr(B)=—
r(4) 5 an 1(B) 3
Pn(Ar\B)=%
pr(A)xp;(B)=lxl=l
2 3 6
Hence Pr(A N B) = Pr(A)x Pr(B)
Note the events in option B are mutually
exclusive.
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Question 18

1
The average value of the function /- R\[—lz} =R = le_H over the interval [0, £] 15 glogg @,

The value of & 13

6 1 52% B
~ R 141 1
molve =—log (7) fork
B 2 k—o!(zxn}"' g A0
C. & k=73
" —log, (7) 1.2 PRAD AUTO REAL 0
" 2{log, (M) +6) 2 =3, B
E. 171 Solve|— ( - )dx=-1--ln(7),k
k 2x+1 6
0
|
M
/\More solutions may exist
VICTORIA
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Question 19
The graph of a function f, with domain R, 1s as shown.

.
L

>
L

> <

3k

1F

-1 @] 1 2
1k
-3

The graph which best represents 1—/(2x) 1s /\

The graph of f has been reflected in
the x-axis, dilated by a factor of % from
the y-axis and then translated 1 unit up.
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Question 20
The number of solutions for x of the equation |a cos (2x)|=|a|, wherex € [-27x, 277] and 215 a non-zero constant,

is|
A 3 34% E 28% B
B. 4
G. 5 The nurmber of solutions to |acos(x)|=|a
D. 7 where xe [-2x,2x]is 9. Theline y =|a| will
E. 9
touch the curve y =|acos(x)| at the two ends
points and the seven turning points.
F[ FAD AUTD REAL 5]
667 17
'.' |" 'II x" |I| “' l'u'; lII ." "1 -I' 'l‘ .| ',. lII
o OV SR N o S S A
28 0.5 828
» &7
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Question 21

A cubic function has the rule y = f(x). The graph of the derivative function f* crosses the x-axis at (2, 0) and
(=3, 0). The maximum value of the derivative function 1s 10

The value of x for which the graph of y =7(x) has a local maximum i1s 43% B 24%A

A =2
B. 2
C. =3
D. 3
1
E —
2
vu.edu.au

CRICOS Provider No: 00124K

f(x)>0for xe (-3,2), f(x)=0atx=2
and f(x)<0 for x>2. Hence the graph of /

has alocal maximum at x = 2.The denvativeis
always positive and a maximumat x = 0.
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Question 22

Consider the region bounded by the x-axi1s, the y-axis, the line with equation y = 3 and the curve with equation

y=log,x—1).
The exact value of the area of this region 1s
A 7 -1

1"

B. 16+ 3log (2)
C. 3> —¢3+42
D. &+2
E. 3¢? & | ,fﬂ'} Scratchpad ¥ ﬂﬂ
SN TOA
25Ty
f2(x)=e*+1
be)=e”+ (21.1,3)
graph f3

.-.-"/ I X

27 f3(x)=fg(x)_ —1)?
vu.edu.au
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45% D 21%C

wolve 3=log (x—1) forx.

x=¢ +1
The area bounded by thelinep = 3, the x-axis
the y-axis and the curve wath equation
f(x)=log,(x~1)

e 41

=area of the rectangle — J'(log,(x—l))lx
2

e +1

=3x(¢’ +1)— [(log, (x—1))ix
2
=’ +2
JTEE_R»D AUTO REAL n
solvel 2nfx-1) ) c=0>+1 T
P o2
3 (03 +1 |— ‘ I,ln be- l:‘Jd.r.

Iﬁl\hﬂonm
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General Comments 2011

15,494

Students who were pedantic about the use of maths conventions and notation were
less likely to lose marks for careless errors

 Time management was an issue- use the reading time
* Ifa*b=0 then a=0 or b=0 or both can be 0

o G(x)*F(x)=F(x)*k(x)

« Show questions- can't use the information given

* Integrate Q's must have dx

* Inequalities- draw a graph y> (x+2)(x-4)
 Coordinates

 Ensure you: read questions carefully, give answers to the required accuracy,
transcribe the correct equation, provide answers to all parts of the question, answer
the question that is being asked and after completing a question students, should
reread the question.

 Exact answers were required for the intercepts

vu.edu.au ¥ UNIVERSITY
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2008 VCAA EXAM 2.

Question 1

The area under the curve y =sin (x) between x=0andx =

This approximation to the area 1s

A1
b3

B. > ,
. (V§+1)ﬂ' |

12
D. 05
it (\@ +1)JI

6 s

vu.edu.au
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w3

SR

73% C

7L

B 1s approximated by two rectangles as shown.

The area of arectangle = length x width

i P Yo T, T CLA L
wea= 12 (5-6) 5 573)
E 7T . (r T
=Sm|— |X|—|+SmM| — [X| —
(&)(&) G
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Question 2

93% C

¥
A
—4 O > x
(=2:=2)
The rule of the function whose graph is shown is
A. y=|x|-4
2' Y =:x; §||+ ; This 1s the graph of y = |x| translated 2 umts to
. y=|x+2|- _ .
3 the left and 2 units down. The coordinates of
D. y=|2-x|-2 th 2 _9 dthe x-
E. y=|2+x|+2 ¢ vertex are (-2, —2) and the x-intercepts are
(0,—4) and (0,0).
VICTORIA
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Question 3 5‘9% D

The average value of the function with rule () =log (3x+ 1) overthe interval [0, 2] 13

log, (7)
2
B. | s
%8, Average value = Lff(x)dx
b-a
C M -2 d,
3 - f(log,,(le +1) Hx
b l0g, (D=6 2-04
' 6 _ Tlog,(7)-6
35log, (7)—12 6
E. 7
22% of the students found the average
rate of change and not average
value
& VICTORIA
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Question 5

Let X be a discrete random variable with a binomial distribution. The mean of X 15 1.2 and the variance of
X1s0.72.

The values of 7 (the number of independent trials) and p (the probability of success in each trial) are
A, n=4, p=03

B. n=3, p=06
_ s 0 i
](;' n_;’ p_g'j Rn=np=12........(1) 68% E Simult
. = = . .
G P=04 & =npg=0.72...(2) eqgns involving
' 2 A Substitute (1) into (2) Bi
1.2g =0.72

Distribution-
Clever Q

qg=0.6

#zolvelnp=1.2 and n'p-y9)
n=3., and p=.4 and 9= .6

.q4=0.72 and p+a=1,{n.p.q’ .
MAIN ERD BUTOD FUNC ERTT 1/30
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Question 8 .
The graph ofthe functionf= D —= R, f(x)= ;Tx’ where D 1sthe maximal domain has asymptotes
A, x=3 y=2

B. x=-2, y=1 86% D
C. x=1, y=-1

D. x=2, =-1

E. x=2, y=1

x—3 - | |

2—x x-2

Fiv]| F2v |F3«| F4~ | FS Fe~
ToolslAldcbrajCalcjither [Primil|Clean Us

x-—3] 1

-propFrac[z__x

propFrac((x-3)/(2-x))
PAIN RAD RUTD FUNC 1730
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; The period i1s 7. Hence the maximum occurs
Question 10
7

The range of the function " [%’ %] — R, fix)=2sin (2x)is  at the turning point where x = z

b i 45% C i R el
(-2

Hence the range is [\E, 2] C

B.

Fir| Fov [F3v] Fle | FS Fo~
Tools|#13¢brafCalc|0ther [Fr3miBiCican Us

E (V3,43 e2-sin{ 22) 7

"2 sin[%’i] 2
.. sm[ 2;‘] 3
MRIN RAD AUTD FUNC EATT 3720

: e A~
Sereen dump showing the point (?,\53) :
Y:azcclkdr:orhlrﬁ;h[ota:u 'F:n :5-:1.'

1

ir| F2r
Tools[2oom

xC31.0471976 ycil.7320508
| XTI RAD AUTD FUNC EATT

VICTORIA
UNIVERSITY

MELBOURNE AUSTRALIA

vu.edu.au

CRICOS Provider No: 00124K




Question 11
The probability density function for the continuous random variable X is givenby  16% D

|[1-x| if o<x<2
x)i=
L {0 elsewhere
The probability that X < 1.5 15 equal to 1.5
A. 0125 Pr(X <1.5)= ff(x)dx
B. 0375 -
C. 05 1.5
D. 0625 ﬂl - XIdx = 0625
E. 075 0
[viﬁs]m;&fr alcare|ther Ir rssmmIcle'o‘n'uoﬁ]
. l;'Sll-xlotx 625
Slabs{1-x),%,0,1.5)
MRIN RAD ANTD FUNC EATT 1/30
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Question 12 .
Let f'R—R, f(d) =" +e™ 44% C

Forallu e R, f(21) 1s equal to

A, e+ =)

2/ fQu)=e™ +e™"

() -2 (f@)) =(e" +e™) =™ +2+e™
(eay Henee, /(2) = (f (1))’ ~2.

() +2

"9 oW

14F2~| Fi~v |FY4~| FE~ Far Fiv
Var{FCeSotuglint|Svmbolfinternat'lTool

sDefine F(X) =eX+e %
Done
" £(2-W) =(F(W)? - 2 Lrue
(2= u))*z2~2
MAIN . '-0 muTl FUNC ERTT 2/20
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Question 14

The minimum number of times that a fair coin can be tossed so that the probability of obtaining a head on each

trial 15 lessthan 0.0005 is

A. 8
B. 9 60% D
C. 10 n
D. 11 I
: Solve [ —| < 0.0005 for #.
E. 12 2
n=11
|{!o¢ls ﬁlgfl:roI(a3\c]n:::r P ImID|CIean u.ﬁ
" solve[( 5)"<S.e"4, n]
n > 10. 9657843
' e kﬁD ﬂUTU FUN( ERTT 41730
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Question 16

Water 1sbeing poured into a long cylindrical storage tank of radius 2 metres, with its circular base onthe ground,
at arate of 2 cubic metres per second.

2m
. 52% C
NP
T ey
!
depth
— dh _ dh_ dV
The rate of change of the depth of the water, n metres per second, in the tank 1s dt B dV dt
! dVv 3
sl —=2m’s”
8m dt
: ;
B o V =mr’h = 4mh
2 dh
sl LA .
dt 4x T
E. &=n
& VICTORIA
vu.edu.au UNIVERSITY

CRICOS Provider No: 00124K MELBOURNE AUSTRALIA



Question 17

The graph of the function f(x) = ¢** — 2 intersects the graph of g(x)=&* where 89% B
A, x=-1
B. x=log, (2)
)
& Solve ¢* —2 =¢* for x.
x=2 |
x =log,(2)
147
Bes =y (1o 5e]m3&ev alare]otnar]er stmio cu'osn'uvm
E. x=lo 2 [l A ﬁ
2
msolvele? X -2=¢%, )
w = 1n(2)
solve(e”(2x)=2=e"(Xx) , X)
FARIN RAD AUTD  FUNC EATT 1750
VICTORIA
vu.edu.au UNIVERSITY

CRICOS Provider No: 00124K
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Question 18
Let f: [0, g] — R, f(x)=sin(4x)+ 1. The graph of f is transformed by a reflection in the x-axis followed

by a dilation of factor 4 from the y-axis.
i i 36% E
The resulting graph 1s defined by 0

A. g [0, %} — R g00 =-1—4 sin (4x)
£(x) =sin(4x) +1

B. g [0 2n] =R g0 =-1—smn (16x) Tl :
Reflection in the x-axis

C. g [O, E} — R g0 =1-sin (x) h(x) = —sin(4x)—1
2 Dilation by a factor of 4 from the y-axis
D. g [0 2n] =R gl =1-sin (4x) g(x)=—sin(x) -1

Note the dilation by a factor of 4
from the y-axis affects the domain,

=[0,27]

E. g [0 2n] =R g0 =-1—-smn (x)

[0x4 x4

4 VICTORIA
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Question 19
The graph of a function f is shown below. 50(y B
0

>
>

The graph shown in the next
column is the

‘/¥ derivative of the graph that is
required. The derivative is

5] s .

always positive and a

maximum at x = 0.
The graph of an antiderivative of ;" could be
A. i B. y E. 4

Q X
o ¥ o > ]
C y D. ¥
o s o 05
# VICTORIA
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Question 20 0
The function 72 B — R with rule () =4x° + 3x? + 1 will have an inverse function for 50 A) B

A. B=R . . .
For fto have an inverse function it must be a
‘1 one to one function.
B. B=|-, W] The turning points occur at
: 12x* +6x =0
& cfes| con l} 6x(2x +1) =0
3 2
I
R b x=——or x=0(
D. B=|-°° —
\ 2, 1
. Hence f1s one to one when B=|—,«|. B
A 2
E. B=|-—,c
- 2 /s Irzg{slz:-%;n h‘g« Rd'?on.

[

MAIN EAD BUTD FUNC BRTT
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Question 21

The graph of y = x* — 12x has turning points wherex = 2 and x=—

The graph of y =|x* — 12x | has a positive gradient for

A. xeR
B. xe{x:
C. xe{x:
D. xe{x:
E. xelx:
vu.edu.au

CRICOS Provider No: 00124K

Xx<—=2}W{x:x>2}
X <—2\/3_’}U{x:x>2\f?:}
—2\@<x<—2}U{x:0<x<2}u{x:x>2\!§}

—2<x<0}U{x:2<x<2\/3}u{x:x>2\/3}

Question 21

75% D

The graph of y = x’ —12x has turning points

are at x =2 and x = -2 and x-intercepts at
X —12x=0, x(x*=12) =0, x=-23 or
x=243.
Hence, the graph of y = |)c3 —12x| has a

positive gradient for
xE{x: 23 <x<-2U{x:0<x<2}U{x:x>23)

Fiv| F2«| F3 Fy FEv | Fow [F2S5 1
ToolsjZeomiTrace|RedraphMath|Draw|Penf:

MAIN

EAD AUT

FUNCITAS

D
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Question 22
The graph ofthe function f with domain [0, 6] 1s shown below.

53% C

2y
&

Which one of the following is not true? f(x) = 0 for x =5 butis
discontinuous at x = —2.

Hence C is false.

The function 1s not continuousat x=2 andx =4

The function exists for all values of x between 0 and 6.
. feo=0forx=2andx=5.

The function 1s positive for x [0, 5).

The gradient of the function 1s not defined at x=4.

Mo aw e

& VICTORIA
vu.edu.au UNIVERSITY
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VCAA 2010

Question 1

The function with rule /i) =4 tan [g] has period

T

3
6T

o o W &

2
|

vu.edu.au
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Question 2

0
For f(x) =x° + 2x, the average rate of change with respect to x for the interval [1, 5] 1s 69 /0 E
A. 18
B. 205
C. 24
D.. 325
E. 33
B
f(x)_x +2x df1.1 = *lhzaved w {@E
5y —
Average rate of change = J ;_if(l) Define foc)=x3+2-x Done 2
(125 +10) — (1 +2) Asl-A1) 33
B 4 5-1
=33 |
M
2039
4 VICTORIA
vu.edu.au " UNIVERSITY
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Question 4 83% D

If fCo= 1263x and g(x) =log (2x) + 3 then g(f1x)) is equal to

A, 23+ 3
B. &*+3
C. 68x+9
D. 3(x+1)
E. log (3x)+3 4011|1213 [F *nsaved w [#]]
=7
E
DefineJ{IIFé'ES'x Dane |
1 3x
f (x) = Ee and & (x) = loge (2x)+3 Define g(x)=1n(2-x)+3 Darne
g(/ () =log, (¢)+3 £A)) 3055
=3x+3
B
3498
VICTORIA
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Question 5
For the system of simultaneous linear equations
x=5
z+y=10
z—y=6
an equivalent matrix equation 1s
x[fo o 1] [5]
A |yl 1 ol=|10
z||t -1 o |s&]

1 0 0] x] Hl

-1 1)z| |6
X 1 1][5
C yl=210 1 =16
z 2 0 0|10
1 0 0][x] 5
D 0 1 0| y|=]|10
0 0 —1z]
1 1 0]lx
E 1 —1 O0Ofyl=|6
0o 0 1|z 10

vu.edu.au

CRICOS Provider No: 00124K

80% B

x=35,z+y=10and z—y =6
Rearranging the variables
x=35,y+z=10and —y+z=6
The matrix equation is

1 0 Ofx 5

0 1 1|y]|=[10
0 -1 1|z| |6

UNIVERSITY

MELBOURNE AUSTRALIA




Question 13

The continuous random variable X has a normal distribution with mean 20 and standard deviation 6. The
continuous random variable Z has the standard normal distribution.

0
The probability that Z 1sbetween —2 and 1 is equal to 51 A) B
A, Pr(18<X<21)

B. Pr(14 <X <32) )
C. Pr(14 <X <26) X ~N(20, 36)
D. Pr(8<X<32) Two standard deviations to the left of the mean
E. Pr(X > 14)+ Pr(X < 26) and one standard deviation to the right of the
mean is the same as two standard deviations to
the right of the mean and one to the left.
Pr(-2 < Z <1)
=Pr(-1<Z <2)
=Pr(20 —1x6 < X <20 +2X6)
=Pr(l4 < X <32)
™ o Z
¢
14 20 32
& VICTORIA
vu.edu.au ¥ UNIVERSITY
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puestion 14
Abag contains four white balls and six black balls. Three balls are drawn from the bag without replacement.
The probability that they are all black 1s

Ky, o 81% A

6

2

125

%
C %9 4 white balls and 6 black balls

3 6 5 4 1
D. — Pr(BBB)= —X—X— ==

200 ( ) 10 9 8 6
g 2
125

& VICTORIA
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Question 15

The discrete random variable X has the following probability distribution. 83% C
X 0 1 2
PriX=x) a b 0.4

If the mean of X'1s 1 then

A, a=03andb=01

B. a=02andb=02

C. a=04andd=02 E(X)=0xa+1xb+2x0.4=1

D. a=01andb=05 b=02

E. 2=01andb=03 '

VICTORIA

vu.edu.au UNIVERSITY
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Question 17
The function f is differentiable for all x€ R and satisfles the following conditions. 60% B

* G0 <0Owherex<2
' =0wherex=2
+ ) =0wherex=4
G0 >0where2 <x<4
* G0 > 0wherex >4

Which one of the following is true?

The graph of f has a local maximum point where x=4.

The graph of f has a stationary point of inflection where x =4.
The graph of f has a local maximum pomt where x=2.

The graph of f has a local minimum point where x =4.

Hoaww

The graph of f has a stationary point of inflection where x =2.

The graph has a stationary point of inflection at
x =4 because ['(4)=0 and f'(x) >0 where

2 <x <4 and where x > 4.

VICTORIA
vu.edu.au UNIVERSITY
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Question 19

The graph of the gradient function y =" (x) is shown below. 77 0/
oD

3 The gradient function looks like a cubic
polynomial function in the form

/ o/ > 7 (x)=ax(x—b)(x—c) where >0 and ¢, b

>

and ¢ are real constants. Hence fcould be a
quartic polynomial where the coefficient of x”
is positive.

Which of the following could represent the graph of the function f¢)?
C. ¥y D.
A

~
» =

Al 24 B

| ] A
N — 3T W
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Question 20
Let f be a differentiable function defined for all real x, where f(x) > 0 forall x€ [0, «].

If jf(x)cix=a, then Zje[f [§]+3]dx is equal to 25% D
0 0

2+ 6

10a+ 6

20a 3

40 [reoydx=a
0

T

Sa
=2X54q +2_[(3)dx
0

MY oW e

=10a + 30«
=40¢
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Short Cuts: fiy SRS

41 1.1 1b Hlnsaved w 'IE
= Y- det([z 3 D 2t-3m
solve(x +¢1-'x+4-0,x) X f m 1t
factoth _x2 _2,1,) x: (x—E)- |:x+ 1) det([2 3]) -(S'm—ﬁl
m 1
2 2
expand((x+1:13) X" +3A"+3a4] | solve(-(3-m-2)=0m) i
3
e.g. Graph y = x% forx € (=2,1]
For example y = |x|and y = |x* — 4| Enter f2(x) = x%| — 2 < x < 1 into the graphs bar
m *Unsaved w @ 4 1.2 |p *Unsaved w ﬂ 4 1.3 |> *Unsaved w ‘E
6.67 %y 6.67%y 6.67 %y
()=
1 /
X, X, Skl b Ve st S|
10 o ! 10[f-10 ! > | | o FW*{I%.'QQSI 10
f1(x)=|x —4|
| [} e
< f1(x)=|x|| ;;I < f1(x)=|x2-4|| A < f2(x)=x2|—2<x51, A

E.g. Find the equation of fog(x) when f(x) =x* x € (-2, 1]and g(x)=2x+ 1, x ER
1. Define the two equations in the Calulate page. [Menu] [1] [1]

> MUnsaved w {HE3

ﬁ
Define fx)=x?|-2<x<1 Done
Define g(x)=2 xa+1 Done

VICTORIA
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Shart CUts: cont' e.g. Find the turning pointof y = 2x2 + 8x + 9

2. Open a graph page and type, f(g(x)) into the graph bar

“ 15 |> *Unsaved w E ‘
i 5.67 %y

1.9 |,f Hlnsaved w ﬂ

2 e
completeSquam(E X +8'x+9,x) 2'(x+2) +1
l’i |
77 :,‘);»,z}-.-_)f{:g(y)} 3 So from that the turning point will be at (-2,1)
Finding Vertical Asymptotes
13:(-1.4,3.24) W » *nsaved w {HE3
=
<« 130x)=flglx)) A : . 2
The trace feature can be used to find out the range and domain. Trace: [Menu] [5] [1] solve tan(xj:a'x [0=x=m JL'=‘5
Here fog(x) = (2x + 1)? where the Domain = (-1.5,1] and Range =[0,4)
solve 1n(2-x+1)-2=i,x )1:=i
Q 2
|

E.g. Find the values of x for which y = 2x2 + x2 — 3x has a maxmimum and a minimum for x € [—% 2]

WP *nsaved w '@

- =
fMin(Q-x3+x2—3-x,x)|?35x£2 V19 -1
fMax(E-x?‘ +x2-3 -xe)|%Sx£2 =2

Tangents at a point: [Menu] [4] [9] — (terms, variable, point)
Normals at a point: [Menu] [4] [A] - (terms, variable, point)

E.g. Find the equation of the tangent and the normal to the curve v = (x + 2}2 when x = 1.

2
tangentLine((x+2:l2,x, 1) 6x+3
nonnalLine((x+ 2% x, 1) 5. X

6
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More short cuts:

The x-y Function Test

Every now and then you will come across this kind of question in a multiple choice

If f(x) + f(yv) = f(xy), which of the following is true?

A f(x) =x2

B. f(x) =In(x)
Cf) ==
D.f(x)==x

Ef(x)=(x+2)?

W *Unsaved W ﬂ
Define j(x)=x2| Done &
solve()‘(x)+f(y)=f(x'y),x)

x=—pmim and —& e 20 or x=—=2— and -»
J 21 »4-1 -1 3
Define f(x)=ln(x) Done
solve(/(x)+f(y)-f(x-y),x) true

Using tCollect to simplify awkward expressions

Deﬁne;(x:l=2-x3 +3_x2 _4.x+2+i Done
X
Define d}{ﬂ:i{f{x)) Done
dx
o) —
X

The same thing can be done for the double derivativ

afx) 632 +6 x-———4
o2
Define a‘df(x:l-di(d]{x)) i
X
datx) 12a+-2-46
3
L] B I nsaved w m
Define fix)=a x>+ x%+¢ x+d lpone
Define dflx)=—2-(Ax)) Dane
dx
dfx) 3@ xP+2bxtc

solvelA{-2)=0 and A2)=0 and @A -1)=0 and Ao»

K

a=l and b=i and ¢=-2 and d=1
2 4

Sometimes the calculator won't simplify something the way we want it to. tCollect simplifies expressions

that involves trigonometric powers higher than 1 or lower than -1 to linear trigonometric expressions.

P *Unsaved w i{HE3

cos(2-x]+1 2
2

2—005(4-x) |

tCollect((cos(x )) 2)

tCollect(lQ '(Siﬂ(? 'IJ)z +1 |)

vu.edu.au
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W v *Mnsaved w 'Eﬁ

10 27 B
k= i

solve (k~x2+1)dx-1,;c 1000
0
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